Trajectory tracking is a major challenge for UAVs. The more complex the trajectory is, the more accurate tracking is required with minimum divergence from the trajectory. Apart from active trajectory tracking mechanisms, current solutions to accurate trajectory tracking in narrow areas require low speed motions. This paper presents a systematic design methodology using centralised feedforward/feedback control architecture for advanced trajectory tracking without compromising the speed of the vehicle. Using the H ∞ norm as a measure for the design criteria, the proposed method proves fast tracking with no overshooting and less actuators energy compared with single degree-of-freedom feedback control method. The results are verified using simulations for two systems: a tri-rotor VTOL UAV (fully actuated system), and a quadrotor trainer (over-actuated system).
I. INTRODUCTION
Unmanned Aerial Vehicles (UAVs) have seen significant growth with expanding employment in various sectors [1] , [2] . Generally speaking, two main advantages can be highlighted for the use of UAVs compared with manned vehicles; they are less costly and have no risk on pilot's life [3] . UAVs were introduced during World War I for pure military tasks, and since then, they have been developing for wide range of applications [4] . Recently, on the top of their integration in military services for collecting data, observing enemies or even lethal attacks ( [5] , [6] and references therein), UAV systems have been used in civil missions of wide spectrum [7] , [8] , [9] . For instance, in the field of scientific research, UAVs are used for investigating areas, collecting data, watching volcanoes, forecasting weather, monitoring isolated territories and other various activities [10] , [11] , [12] . This wide range of applications has raised research interest in UAVs and made the field of UAV design and operation the most dynamic developing sector in aerospace industry [13] , [4] .
The problem of trajectory tracking is one of the major challenges for UAV guidance and control. Conventionally, this problem is formulated using tracking-error correction methods associated with Lyapunov stability-based control design [14] , [15] , [16] . However, finding the suitable candidate for Lyapunov function is challenging specially for complex nonlinear systems. For uncertain or disturbed trajectories, stochastic based methods [17] and nest saturation [18] are examples of existing design methods in literature to enhance the trajectory tracking performance. Methods like dynamic inversion [19] , nonlinear control [20] , sliding mode [21] and model predictive control [22] exist also in literature. However, these control techniques are complex in implementation and suffer from certain limitations related to the feedback loop and model accuracy [23] . Active trajectory tracking methods, which are mainly visionbased systems, are proposed in literature as alternatives for enhanced trajectory tracking [24] . Nevertheless, vision-based tracking is computationally expensive and requires certain on-board processing capacities which is not always available specially for miniature air vehicles (MAVs).
This paper concerns the problem of trajectory tracking for narrow certain areas, where the vehicle has to follow its trajectory with minimum overshooting and errors. Complex industrial sites are ideal examples of such a scenario where the UAV needs to follow its trajectory in narrow spaces. Wide divergence from trajectory could result in crashing and multi damage to the vehicle and surroundings. The available solution to this problem is to decrease the bandwidth of the system and slow the speed of the vehicle. However, this affects the efficiency of the UAV and increases the timing cost of the service. In this paper, we develop a special form of two degree-of-freedom feedforward/feedback (Ff/Fb) control architecture to stabilise the vehicle and at the same time guarantee good trajectory tracking without decreasing the bandwidth of the system. This is the first article in the field to investigate this control method for UAV applications. The results are demonstrated via simulation by using two examples. The first example is for a complex fully actuated tri-rotor UAV and the second example is for an over-actuated quadrotor trainer. The proposed control system shows superiority over robust feedback-only control. The performance is measured using the H ∞ norm of the closed loop transfer functions.
In Section II, the proposed Ff/Fb structure is discussed in detail. The simulation examples are investigated in Section III and Section IV, followed by conclusion in Section V.
II. CONTROL SYSTEM DESIGN
Consider the system in Figure 1 . The diagram is a representation of the architecture proposed in [25] which in turn builds on [26] , [27] . Let P be the linearised system of the nonlinear UAV model that is linearised via any linearisation method. The linearised system P can be factorised over RH ∞ such as P = NM −1 where N and M are coprime factors. Further details on coprime factorisation can be found in [26] .
The control objectives considered in this paper are to stabilise the UAV and ensure good trajectory tracking with good speed, no divergence and less input power. These design objectives can be stated in terms of the transfer function matrix T = T ry T ru where T ry is the trajectory tracking transfer function from the reference vector r to the output vector y and T ru is the control effort transfer function from the reference r to the control input u. From Figure 1 , we have:
From the properties of Woodbury matrix identity [28] and for matrices A, B,U and V of suitable dimensions, we have: Assuming that A = I and B = I gives (I −UV ) −1 U = U(I −VU) −1 .
For the case in hand, substituting U = −P and V = C enables as to write (I + PC) −1 P = P(I +CP) −1 . Therefore, T can be written as:
Now, let the filters X and Y be designed using the coprime factors of the linearised system such that X = M and Y = N. Given that P = NM −1 , this makes the resulting transfer function matrix T as:
Eq. (7) represents the merit of the proposed two degree-of-freedom control design where the feedback controller C does not appear neither in the trajectory tracking transfer function nor in the control effort transfer function. Therefore no limitation, in the tracking performance or the required actuators actions, results from the controller. In this case, nominally, the trajectory tracking performance can be designed independently from the feedback controller and therefore one can increase the bandwidth with no overshooting. This desired feature cannot be guaranteed by any single degree-of-freedom control design. For instance, for the case of feedback-only control, i.e., X = 0 and Y = I, the design criteria matrix becomes: Eq. (8) includes limitations of the feedback loop. These limitations are well known and documented in literature, see for example [23] . The summary of these limitations is that there is a compromise between the bandwidth and the tracking performance, i.e., in order to achieve good trajectory tracking with no divergence, the bandwidth needs to be low which means slow manoeuvrability of the UAV. On the other hand, high bandwidth necessitates overshoot and divergence from the trajectory.
A. The Reference and Feedforward Filters
Coprime factorisation over RH ∞ is the focal point in the proposed control design to synthesise the reference and feedforward filters. The filters X and Y are designed using the coprime factors of the linearised UAV model. Coprime factorisation over RH ∞ is not unique and it has been shown in [29] that normalised coprime factorisation represents a good choice for the Ff/Fb control over other coprime factorisations such as inner-outer factorisation. This choice is specifically obvious for disturbed and uncertain systems which is the case of UAVs. Therefore, in this paper the right normalised coprime factorisation is utilised.
A right coprime factorisation P = NM −1 is "normalised" if N * N + M * M = I where N * and M * are the complex conjugate transpose of N and M respectively. This definition ensures that the block matrix N M is inner which in turns induces specific frequency domain properties. For instance, if the linearised system P has high-gain at low frequencies and small-gain at high frequencies with good slope at cross-over frequency, the resulting N will have unity gain at low frequencies with similar bandwidth to P and low gain at high frequencies. The factor M will have gain close to unity at high frequencies and small gain at low frequencies. From Eq. (7), it can be seen that in the nominal case, the tracking performance of the UAV depends solely on the characteristics of N while the control effort depends only on the characteristics of M. This implies that for good tracking performance and enhanced control effort, the frequency response of the linearised system should be shaped so that we can guarantee the desirable frequency domain properties of N and M. The linearised system can be shaped using pre and/or post weighting functions W 1 and W 2 . The weights are designed using the standard loop shaping criteria described in [23] whereas the shaped system should have high gain at low frequencies, low gain at high frequencies and a smooth transition at Figure 3 . Equivalent control structure with shaping weights and phase compensation filters.
the crossover frequency with a slop of −20 dB/decade. These weights need to be considered in the final implementation of the controller. Figure 2 depicts the equivalent control structure when using the shaping weights W 1 and W 2 . Then, the feedforward and reference filters should be designed such as X = M s and Y = N s , where
B. The Phase Compensators
Given that the tracking performance and actuators effort are characterised only by N s and M s , a low and a high pass filter might be needed in the structure to account for any phase deterioration of N s and M s , see Figure 3 . This is due to the fact that for single degree-of-freedom control, we pay attention only to the magnitude when shaping the system while the phase is taken care of by the feedback controller. In the case of the proposed Ff/Fb control, the feedback controller will have no effect on the transfer function matrix T and hence the phase of N s and M s should be considered explicitly as shown in Figure 3 .
Using the low pass filter F l to compensate for the phase of N s and the high pass filter F h to compensate for the phase of M s will give:
In low frequency region, we have:
where σ (·) and σ (·) are consequently the largest and smallest singular value of the corresponding transfer function. This enables us to write in low frequencies:
Therefore, in low frequency region, Eq.(9) can be written as:
In high frequency region, we have:
This enables us to write:
Therefore, Eq. (9) can be written in high frequency region as:
For simplicity of representation and because N s and M s are of interest to the designer only in low frequencies and high frequencies respectively, Eqs. (11)- (13) can be combined in one approximation as:
It is worth mentioning that the structure of the required low pass and high pass filters F l and F h -if needed -depends mainly on the frequency response of the original system P.
C. The Feedback Controller
The feedback controller C can be designed using any known method in literature. The feedback controller is synthesised to stabilise the system and hence it should be designed irrespective of the feedforward and reference filters X and Y . Generally speaking, UAVs are MIMO coupled systems and therefore, it is preferable to use a robust MIMO control method such as H ∞ Loop Shaping Design Method (LSDM). In addition, the fact that the loop will be already shaped for the design of the filters X and Y makes the H ∞ LSDM an ideal control design candidate. However, the proposed Ff/Fb approach is still valid for any other established control technique. In the examples presented in this paper, H ∞ LSDM is used for the synthesis of the feedback controller.
D. An Illustration Example
To demonstrate the concept of the proposed Ff/Fb control, we will consider a simple mathematical example. This example represents a guideline to practitioners on how to design and implement the Ff/Fb control.
Consider a SISO system of double integrator P = 1 s 2 . In order to synthesize the Ff/Fb controller, we shape the system by a pre compensator of W 1 = 10.5(s+0.6) s+8
. The selection of W 1 is based on the standard shaping criteria discussed in Section II-A. Figure 4 demonstrates the frequency response of the original system P and the shaped system P s = W 1 P. . Frequency response of the original system P (solid blue) and the shaped system P s = W 1 P (dashed red) for a SISO double integrator system. Figure 5 demonstrates the frequency response of the shaped system P s and its normalised coprime factors N s and M s where P s = W 1 P = N s M −1 s . We can see clearly that the magnitudes of N s and M s are good for ideal tracking performance and control effort respectively. However, the phase needs some compensation via low pass filter and high pass filter respectively as discussed before. The choice of F l and F h depends only on the required phase correction of N s and M s . Figure 5 shows that in low frequencies the phase of N s needs correction by −π. Similarly in high frequencies, the phase of M s needs correction by π. Therefore in order to design the Ff/Fb control for this single SISO system, we add a low pass filter of
so that we can compensate the phase of the tracking performance of the closed loop system. Similarly, a high pass filter of
should be added to the feedforward path in order to compensate for the phase of the coprime factor M s . We complete the Ff/Fb control design by synthesising an H ∞ controller for the feedback loop. To show the advantages of the proposed Ff/Fb control method over a single degree-of-freedom control, we also include in the results the design of the closed loop feedbackonly control using the same H ∞ controller. We use H ∞ norm to analyse the difference between the two controllers with regard to the design criteria. The H ∞ norm of a transfer function G is defined in [23] as the essential supremum singular value of the transfer function over all frequencies:
In this paper, we will use the value 20 log 10 ( G ∞ ) to make the reading of H ∞ norm compatible with the plotting of the frequency response. For the tracking transfer function, the value 20 log 10 ( T 11 ∞ ) above 0 indicates the overshoot of the closed loop system over all frequencies. For the control effort transfer function, the value 20 log 10 ( T 12 ∞ ) represents the maximum excitation of the actuators over all frequencies where T is the closed loop transfer function matrix as defined in Eqs. (8) and (14) and T 11 = T ry , T 12 = T ru . Figure 6 shows the frequency response of the closed loop tracking transfer function for the designed Ff/Fb control. The figure also contains the frequency response of the closed loop feedback-only control using the same H ∞ controller. It can be noticed clearly that both systems have identical bandwidth, however, around the roll-off frequency there is a small peak in the case of feedback-only control. This peak reflects an overshoot in the time domain response as demonstrated in Figure 7 . Figure 8 shows the frequency response of the reference-to-input transfer function for both cases, the single degree-of-freedom feedback-only control and the Ff/Fb control. Figure 9 shows the step response of the reference-to-input transfer function for both cases. These two figures show that the excitation of the actuators for the case of the Ff/Fb is less which means less control effort and this is a desirable feature. The superiority of the Ff/Fb control over feedback-only control can be confirmed by the H ∞ norm of the These values of the H ∞ norm indicates that the Ff/Fb control has no overshoot while the feedback only control has an overshoot of 1.3 dB. The actuators excitation for the feedback-only control is higher by 3.4 dB. Step response of the tracking transfer function (reference-to-output) of the closed loop system for two cases: the Ff/Fb control (solid blue) and single degree-of-freedom feedback-only control (dashed red), the illustration example. Step response of the control effort transfer function of the closed loop system for two cases: the Ff/Fb control (solid blue) and single degree-of-freedom feedback-only control (dashed red), the illustration example.
III. CASE I: A FULLY ACTUATED TRI-ROTOR UAV
In this section, the proposed control method is designed for a tri-rotor UAV in Simulation. Figure 10 shows a diagram of the UAV. The vehicle is proposed in [30] with six degree-of-freedom and a symmetric shape where its body is composed of three identical rotors rotating in the same direction and three identical servo motors that control the tilting angles of the rotors independently. The position and orientation of the vehicle can be controlled separately through the six inputs, i.e., speeds of three electric DC motors and angles of three servo motors. Full description of the vehicle and details about the derivation of its nonlinear model can be found in [30] , [31] , [32] .
A. The Model
Following the derivation of [32] , the full model of the UAV including actuator dynamics is expressed in Eqs. (15) - (20):υ
Table I defines all terms used in the model of the UAV. The model is written in a compact form where each state variable has a dimension and defined as following:
and for the actuator dynamics we have: 
The remaining matrices are defined as: 
The matrix S(ω b v ) is the skew matrix of the vector ω b v . The matrix Ψ is defined as the rotational matrix between the angular velocity ω b v expressed in the body coordinate system and the angular velocityη v related to the earth coordinate system. The matrix R e b is the rotational matrix from the body coordinate system to the earth coordinate system. The definition of these rotational matrices along with their mathematical expressions are well defined in literature, see for example [33] for details.
B. Feedback Linearisation
To linearise the nonlinear model, an input-output feedback linearisation technique is used. The resulting linearised system is a chain of three integrators and the associated feedback linearisation law is:
where 
and ϑ is the new artificial input vector. The term diag in matrix N refers to the diagonal structure of the matrix.
C. Simulation Results
To implement the Ff/Fb control and achieve the control design criteria in terms of fast tracking with no overshoot and control effort with no saturation, the linearised system needs to be shaped first using pre and post weights W 1 and W 2 . These weights have then to be included in the final implementation of the control system as shown in Figure 2 . To design W 1 and W 2 , we follow the standard loop shaping criteria mentioned in Section II-A whereas the shaped system should have high gain at low frequencies, low gain at high frequencies and a smooth transition at the crossover frequency with a slop of −20 dB/decade. The linearised UAV system is diagonal and has sufficiently low gain at high frequencies, so we can put W 2 = I and use W 1 = 105s 2 +126s+37.8 s 2 +16s+64 I 6×6 to shape the system. Figure 11 depicts the singular values plot of the linearised system and the shaped system. As discussed in the illustration example, a low and high pass filters are needed to compensate for the phase of N s and M s . We use the filters F l = to compensate the phase of M s by π. Now, the reference and feedforward filters can be designed using the normalised coprime factorisation of the shaped systems such that X = M s F h and Y = N s F l where P s = N s M −1 s = PW 1 . The feedback controller C is synthesised to ensure the internal stability of the closed loop and guarantee the robustness of the system against disturbances and uncertainties. For the UAV in hand, we employ the H ∞ LSDM to design the feedback controller. Justification for the use of the H ∞ LSDM in UAV systems lies in the fact that UAVs are MIMO systems that are susceptible to high level of uncertainties and disturbances due to the nonlinear dynamics. This makes the H ∞ LSDM an ideal candidate for the feedback control synthesis. The implementation of H ∞ LSDM in UAVs is well established in literature and shows good results, see for example [34] , [35] , [36] . For the example in hand, the achieved robust stability margin is 0.4365.
The designed Ff/Fb control applied to the tri-rotor UAV in Simulation. Figures 12 and 13 produce the singular values plot of the resulting tracking transfer function and control effort transfer function respectively. These figures also contain the resulting transfer functions in case of feedback-only control, where the same H ∞ LSDP is implemented in a single degree-of-freedom control structure, i.e., X = 0 and Y = I. Figure 12 reflects the fact that the two control structure have similar bandwidth, however, for the case of feedback-only control, the tracking performance of the system contains an overshoot of about 5 dB. The author has tried to eliminate the overshoot by re-tuning the feedback controller which results in a reduced bandwidth of at least 25%. This overshoot does not exist in the proposed Ff/Fb control and the bandwidth is maintained. For the reference-to-input transfer function in Figure 13 , it can be noted that the case of feedback-only control excites the actuators more than the case of the proposed Ff/Fb control which is undesirable and it could lead to actuator saturation. The H ∞ norm of the closed loop transfer functions for both control design quantifies the advantages of the Ff/Fb over feedback-only control as following:
for Ff/Fb: 20 log 10 ( T ry ∞ ) 20 log 10 ( T ru ∞ ) = 0 0 The values of the H ∞ norm shows that the feedback-only control excites the actuator more and has an overshoot while the Ff/Fb has no overshoot and has less control effort.
To further confirm the advantage of the proposed Ff/Fb control over feedback-only control, Figure 14 shows the frequency response of the closed loop reference-to-output transfer function, including both the magnitude and the phase, for the first channel. The other diagonal channels are identical where the system is very large 6 × 6 and it would be inappropriate to demonstrate the bode plot of the whole system. Similarly, Figure 15 shows the frequency response of the closed loop reference-to-input transfer function for the first channel. Both figures confirm that the Ff/Fb has no overshoot with similar bandwidth to the feedback-only control and causes less excitation to the actuators.
A scenario of rising curved trajectory tracking with the Ff/Fb control is shown in Figures 16 -17 along with the actuators effort in Figure 18 . The graphs show good trajectory tracking and the actuators are working within their physical restrictions of ±π/2 for the servo angles and 10 4 RPM for the DC motor speed. 
D. Uncertainty and Robustness
One of the main concern for controlling nonlinear UAV systems is the robustness of the system against disturbances and uncertainty. For instance, uncertainty in modelling the system makes the linearised system never linear. This fact adds further requirement to the control design to ensure robustness in hardware implementation. In order to present the robustness of the proposed control method, a stable second order multiplicative uncertainty has been introduced to the system and the same controller synthesised for the nominal case is tested again. Therefore, the tested uncertain system is:
where 0 < a < 1 and 0 < b < 1 are random numbers and generated using Matlab random generator functions. Figures 19 -20 show the performance of the Ff/Fb control under the model uncertainty with
. The controller accommodates the uncertainty and shows good tracking. Another robustness aspect that should be considered for any control design is the input disturbances. In UAV systems, the input signal is susceptible to noise and disturbances. In order to present the robustness of the proposed Ff/Fb control method, an input disturbance within the range of ±10% of the input signal for the demonstrated trajectory is introduced in simulation. Figures 21 -22 show the performance of the Ff/Fb control under the introduced input disturbances. The control system rejects the disturbances and maintain the trajectory tracking of the system. 
IV. CASE II: AN OVER-ACTUATED QUADROTOR UAV
This example investigates the proposed control method for an over-actuated system, which is a hinged quadrotor. The system represents the Quansor UAV trainer where the body of the vehicle is attached to a pivot. The construction of the system allows the UAV to move around X, Y and Z axes. Therefore, the system has three outputs, roll (φ ), pitch (θ ) and yaw (ψ), and four inputs u 1 to u 4 which are the input voltage to the rotors. Figure 23 shows a picture of the actual system. The nonlinear model of the system is given by: Table II lists the parameters of the dynamic model of the quadrotor. The linearised model of the quadrotor around the origin using Taylor series expansion is a second integrator system of four inputs and three outputs as following:
As in the previous example, we need to shape the system in order to obtain good frequency response characteristics for the coprime factors N s and M s . Figure 24 shows the singular values plot of the original system and the shaped system using a pre and post weights of:
where the weights W 1 and W 2 are selected using the standard selection criteria discussed in Section II-A. In this example, the transfer function matrices N s and M s have good phase response and therefore no symbol definition l distance between the gravity center of the quadrotor and each rotor's rotational axis k f force-to-thrust constant of propellers k t torque-to-thrust constant of propellers J x moment of inertial about X (the roll axis) J y moment of inertial about Y axis (the pitch axis) J z moment of inertia about Z axis (the yaw axis) Figure 23 . The Quadrotor system. The picture is adopted from [37] . Figure 24 . Singular values plot of the linearised system (solid blue) and the shaped system (dashed red) of the quadrotor UAV. additional phase compensation is required. However, the challenge of this system is that it is not square (3 outputs and 4 inputs). Therefore, in order to construct the Ff/Fb control, a scaling matrix F should be designed to match between the number of the reference channels (3 reference signals) and the required inputs for N s and M s (4 inputs). This is due to the fact that N s and M s will have specific dimensions (3 × 4) for N s and (4 × 4) for M s which are related to the size of the original system. In order to achieve this matching, we construct a constant matrix F of suitable dimension ( These values confirm the advanatges of Ff/Fb control over feedback-only control where Ff/Fb control has no overshoot and less actuator energy. Figure 27 shows the frequency response of the closed loop tracking transfer function for the first channel with the Ff/Fb control and the feedback-only control. Figure 28 shows the frequency response of the two actuators (motor 2 and 4) that affect the first output channel, see Eq. (32), with the two control scenarios. For clarity of presentation, we includes only information related to the first output channel. The other two output channels have similar properties. Figure 29 (a) shows the time domain simulation of the quadrotor for a square signal trajectory tracking on the pitch and roll channels while keeping the body fixed around z with no yaw rotation. The figure presents good tracking with no overshoot. Figure 29(b) shows the actuator effort of this tracking where all motors work within the physical restriction of ±24 V for the input voltage.
To demonstrate the robustness of the proposed Ff/Fb control for this system, we introduce model uncertainty and input disturbances. Similar to the previous example, the model uncertainty is multiplicative of second order as P u = P∆ 2 with ∆ = 1 + a s+b . Figure 30 shows the performance of the Ff/Fb closed loop system for a model uncertainty of ∆ = V. CONCLUSIONS This paper proposes a novel feedforward/feedback control algorithm for trajectory tracking and vehicle stabilisation in UAV systems. The design utilises normalised coprime factorisation to construct the reference and feedforward filters in order to eliminate the limitations of the feedback loop. The proposed control system achieves high bandwidth with no overshooting compared with feedback-only control. Results are verified in simulation for a square tri-rotor UAV system and an over-actuated quadrotor trainer.
